In this paper, we study the nonlocal linear bending behavior of functionally graded beams subjected to distributed loads. A finite element formulation for an improved first-order shear deformation theory for beams with five independent variables is proposed. The formulation takes into consideration 3D constitutive equations. Eringen's nonlocal differential model is used to rewrite the nonlocal stress resultants in terms of displacements. The finite element formulation is derived by means of the principle of virtual work. High-order nodalspectral interpolation functions were utilized to approximate the field variables, which minimizes the locking problem. Numerical results and comparisons of the present formulation with those found in the literature for typical benchmark problems involving nonlocal beams are found to be satisfactory and show the validity of the developed finite element model.
Introduction
Classical continuum mechanics theories commonly have a local approach, which assumes that the stress at a point depends on the strain at that same point. These theories are true enough for numerous cases of study. On the other hand, nonlocal continuum mechanics [1, 2] assumes that the stress at a point is a function of strains at all points in the continuum. This theory has been used to study lattice dispersion of waves, wave propagation [2] , crack propagation, dislocations and surface tension fluids. An important application of nonlocal theories occurs in functionally graded micro beams where smallscale effects are required to be taken into account. Due to the smooth and continuous variation of the properties of the material from one surface to another, FGMs are usually superior to conventional composite materials.
Many works discussed the importance of nonlocal theories in the analysis of functionally graded beams. A comparison between different beam theories (varying the displacement fields) are presented by Aydogdu [3] , Eltaher et al. [4] and Reddy [5] using nonlocal constitutive equations to analyze bending, buckling and vibration. Finite element solutions within nonlocal beam theories (Timoshenko and other higher order theories) have already been proposed by [4, [6] [7] [8] . However, these studies do not contemplate models that use 3D constitutive equations.
In the present work, a nonlocal linear bending behavior of functionally graded beams under distributed loads is investigated. An improved first-order shear deformation theory (IFSDT) for beams with five independent parameters is proposed and implemented. The finite element formulation is derived by the principle of virtual work. The verification results of the formulation show that the proposed computational model is satisfactory. 
Non-local differential theory and finite element formulation
According to Eringen [1, 2] , the stress at a point does not only depend on the strain at the same point, but also on the strains at the vicinity of the continuum body. Eringen describes this phenomenon based on the atomic theory of lattice dynamics and experimental observations. The nonlocal stress tensor at a point is defined as:
where is the local stress tensor and the Kernel function (| ′ − |, ) represents the nonlocal modulus, | ´− | being the distance in the Euclidian norm and is a material constant that depends on internal and external characteristic lengths (such as the lattice spacing and wavelength, respectively). The local stress is defined by the generalized Hooke's law as:
where ℂ is the fourth-order elasticity tensor. Although the nonlocal stress-strain relation is based on an integral constitutive equation, Eringen proposed an equivalent differential model:
Next, we develop the linear beam formulation by using an improved first shear deformation theory [9] . Let { } be a set of Cartesian coordinates with orthonormal basis { }. The neutral axis of the beam is defined by the coordinate . The displacement vector is expanded through the thickness coordinate as follows:
where = denotes the displacement vector of the neutral axis, = and = are difference vectors ( = 1,3). Equation (4) contains five independent variables. The quadratic term is included to avoid the Poisson locking; therefore, no enhanced methods are needed.
For the given displacement field, we define the linear part of the strain tensor as
where high-order terms are neglected. The weak form can be constructed by applying the principle of virtual work. The solution of the beam is defined by the triple ≡ ( , , ) . Thus, we obtain
where ≡ ( , , ). For beam structures and linear cases, the non-local stress resultant ( ) is obtained from equation (3) as:
In tensor notation:
where the components of the nonlocal stress resultants are: The components of the tensor ( ) are the material stiffness coefficients (see [9] ) and , are the axial and transverse body forces.
In the two-phase functionally graded materials, the properties are assumed to vary through the thickness of the beam. The materials in the bottom and top surfaces are metal and ceramic respectively. Therefore, the components of the elasticity tensor are functions of the thickness :
where , are the volume fractions of the ceramic and metal phases which are computed by the power law. Let be the domain of the neutral axis where the finite element domain lies in. Recall that Ω ≡ [−1,1] is a parent domain in -space and ( ): Ω ∈ ℝ → Ω ∈ ℝ . The finite element equations are obtained by interpolating the components of the field variables written in terms of the base vectors, namely:
The adopted basis functions ( ) are interpolant polynomials of Gauss-Lobatto-Legendre quadrature points, which are particularly suitable for high-order expansions. Explicitly, the onedimensional basis functions of order = − 1 are expressed using the p-order Legendre polynomial , as shown
High-order spectral elements, in contrast to low-order finite elements, do not exhibit locking problems.
Numerical Results
In the following section, numerical results are used to verify the proposed finite element model. Macro-beams and micro-beams are evaluated by varying the Eringen's nonlocal parameter and the power law index n. We study cases for simply supported and clamped-clamped boundary conditions with uniformly transverse load. A FGM beam with nonlocal effects is evaluated. A normalized center of deflection in the neutral axis is compared by using = × 100 . The present formulation is compared with Timoshenko beam (TBT) and the results are depicted in figure 1. As it was seen above, IFSDT formulation shows stiffer deflections for isotropic beams (n = 0). However, for FGM beam (n = 1 for example), IFSDT exhibits slightly more flexible results than TBT. Also, a FGM clamped-clamped beam under a uniformly distributed load is evaluated and compared with Reddy and El-Borgi [8] . Results are given in Table 1 . Table 1 . Comparison of finite element results for the transverse center of deflection at for a clamped-clamped nanobeam under uniformly distributed load.
Case
Ref. [8] Present IFSDT C-C (n = 0) 1.0865×10 -4 0.9214×10 -4 C-C (n = 1) 2.5422 ×10 -4 2.1554×10 -4
For the following example, we will evaluate an FGM nonlocal beam under a uniformly distributed load of intensity = 10, with two different boundary conditions: cantilever beam and clampedhinged-free beam. The material and geometric properties are: It is noticeable boundary conditions effects when nonlocal approach is applied in structural analysis. In figure 2 , the deflection at the free-end for a cantilever beam decreases as the nonlocal parameter increases. Likewise, the figure shows that the deflection in the middle-span for a clamped-hinged-free beam increases as the nonlocal parameter increase. Thus, for simply supported boundary conditions, an increment of means an increment of bending deflection, but for clamped boundary conditions, an increment of means a decrease of the deflection.
